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Ëàãðàíæà 2-ãî ðîäà
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Îñè äâóõ äèñêîâ ðàäèóñàìè r ñîåäèíåíû
ñòåðæíåì äëèíîé 4r. Äèñê A ìàññîé m1 êà-
òèòñÿ ïî ãîðèçîíòàëüíîé ïîâåðõíîñòè, äðó-
ãîé, ìàññîé m2, � ïî öèëèíäðè÷åñêîé ïîâåðõ-
íîñòè ðàäèóñîì R = 5r. Ê äèñêó B ïðèëî-
æåí ìîìåíò M . Ñîñòàâèòü óðàâíåíèå äâèæå-
íèÿ ñèñòåìû. Çà îáîáùåííóþ êîîðäèíàòó ïðè-
íÿòü óãîë ïîâîðîòà ñòåðæíÿ ϕ.

1 Óðàâíåíèå Ëàãðàíæà
Óðàâíåíèå Ëàãðàíæà âòîðîãî ðîäà äëÿ çàäàííîé ñèñòåìû èìååò âèä:

d

dt

∂T

∂ϕ̇
− ∂T

∂ϕ
= Q. (1)

Îáîáù¼ííóþ ñèëó áóäåì èñêàòü êàê ñóììó âêëàäîâ êîíñåðâàòèâíûõ
è íåêîíñåðâàòèâíûõ ñèë. Ñîîòâåòñòâåííî,

Q = −∂Π

∂ϕ
+ Q̃.

2 Ìåõàíè÷åñêàÿ ýíåðãèÿ ñèñòåìû
2.1 Êèíåòè÷åñêàÿ ýíåðãèÿ
Êèíåòè÷åñêàÿ ýíåðãèÿ ñèñòåìû èìååò âèä:
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Âûðàçèì ëèíåéíûå è óãëîâûå ñêîðîñòè ÷åðåç îáîáù¼ííûå êîîðäèíà-
òû. Äëÿ ýòîãî ðàññìîòðèì ãðàôû B→A, O→B, E→A, ó÷èòûâàÿ ÷òî,
äèñê 1 äâèæåòñÿ ïî ãîðèçîíòàëè, è îáà äèñêà íå ïðîñêàëüçûâàþò:

B
ϕ,4R−→ A





vAx = vBx − 4rϕ̇ sin ϕ,
vAy = vBy + 4rϕ̇ cos ϕ,
vAy = 0.

(3)

O
π−ϕ,r−→ B





vBx = vOx − ω2r sin(π − ϕ),
vBy = vOy + ω2r cos(π − ϕ),
vOx = 0, vOy = 0.

(4)

E
π
2
,r−→ A





vAx = vEx − rω1 sin π
2
,

vAy = vEy + rω1 cos π
2
,

vEx = 0, vEy = 0, vAy = 0.
(5)

Ïîëó÷èì: 



vAx = −8rϕ̇ sin ϕ = vA,
vBx = −4rϕ̇ sin ϕ,
vBy = −4rϕ̇ cos ϕ,
ω1 = 8ϕ̇ sin ϕ,
ω2 = 4ϕ̇.

(6)

Ìîìåíòû èíåðöèè äèñêîâ è ïîëíàÿ ëèíåéíàÿ ñêîðîñòü âòîðîãî äèñêà:
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2,
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2, v2
B = v2

Bx + v2
By = 16r2ϕ̇2 (7)

Ïîäñòàâëÿÿ 6 è 7 â 2, ïîëó÷èì âûðàæåíèå äëÿ êèíåòè÷åñêîé ýíåðãèè
ñèñòåìû ÷åðåç îáîáù¼ííóþ êîîðäèíàòó ϕ:

T = 34m1r
2ϕ̇2 sin2 ϕ + 9m2r

2ϕ̇2. (8)
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2.2 Ïîòåíöèàëüíàÿ ýíåðãèÿ
Ñèñòåìà íàõîäèòñÿ â ïîëå ñèë òÿæåñòè Çåìëè, ïåðâûé äèñê äâèæåòñÿ â
ãîðèçîíòàëüíîé ïëîñêîñòè. Çà íóëåâîé óðîâåíü ïîòåíöèàëüíîé ýíåðãèè
ïðèìåì ãîðèçîíòàëü, ïðîõîäÿùóþ ÷åðåç òî÷êó À. Òîãäà ïîòåíöèàëüíàÿ
ýíåðãèÿ ñèñòåìû áóäåò ðàâíà ïîòåíöèàëüíîé ýíåðãèè âòîðîãî òåëà:

Π = −4rm2g sin ϕ. (9)

3 Îáîáù¼ííàÿ ñèëà

Q = −∂Π

∂ϕ
+ Q̃ (10)

−∂Π

∂ϕ
= 4rm2g cos ϕ

Ìîùíîñòü íåêîíñåðâàòèâíûõ ñèë:

N = ( ~M, ~ω2) = −Mω2 = −M4ϕ̇,

îòêóäà
Q̃ = −4M.

Â èòîãå âèä îáîù¼ííîé ñèëû:

Q = 4rm2g cos ϕ− 4M (11)

4 Óðàâíåíèÿ Ëàãðàíæà
Ïîäñòàâëÿÿ 11 è 8 â 1 ïîëó÷èì:

ϕ̈r2(68m1 sin2 ϕ + 18m2) + ϕ̇268m1r
2 sin ϕ cos ϕ = 4(rm2g cos ϕ−M).
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