
Ðåøåíèå ìåõàíè÷åñêîé çàäà÷è ñ îäíîé
ñòåïåíüþ ñâîáîäû ñ ïîìîùüþ

óðàâíåíèÿ Ëàãðàíæà 2-îãî ðîäà

Ñàâ÷åíêî È. Å.

Íà îáîäå äèñêà A ðàäèóñîì R øàðíèðíî çàêðåïëåí
äèñê B ðàäèóñîì r, ìàññîé m1. Äèñê A êàòèòñÿ ïî
ãîðèçîíòàëüíîé ïîâåðõíîñòè, äèñê B � ïî íèæíåé
ïîâåðõíîñòè âåðòèêàëüíî ïåðåìåùàþùåãîñÿ ïîðøíÿ
ìàññîé m2. Ê äèñêó B ïðèëîæåí ìîìåíò M . Ñîñòàâèòü
óðàâíåíèå äâèæåíèÿ ñèñòåìû. Çà îáîáùåííóþ êîîðäè-
íàòó ïðèíÿòü óãîë ïîâîðîòà äèñêà A ϕ.
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1 Êèíåòè÷åñêàÿ Ýíåðãèÿ
Êèíåòè÷åñêàÿ ýíåðãèÿ áóäåò èìåòü âèä:

T = T1 + T2 =
m1V

2
1

2
+

J1ω
2
1

2
+

m2V
2
2

2

,
Òî÷êà O ÿâëÿåòñÿ ìãíîâåííûì öåíòðîì ñêîðîñòåé è èç ýòîãî ñëåäó-

åò, ÷òî VO = 0. ×òîáû íàéòè ñêîðîñòè â òî÷êàõ B è C ðàññìîòðèì ãðàôû:

O
π
2
,R−→ A

ϕ,R−→ B,

{
vBx = VOx −Rϕ̇ sin π

2
−Rϕ̇ sin ϕ

vBy = VOy + Rϕ̇ cos π
2

+ Rϕ̇ cos ϕ
(1)

B
π
2
,r−→ C,

{
vCx = VBx − rω sin(π

2
)

vCy = VBy + rω cos(π
2
)

(2)

Ïîñëå óïðîùåíèÿ âûðàæåíèé ïîëó÷èì:
{

vCx = −Rϕ̇−Rϕ̇ sin ϕ− rω
vCy = Rϕ̇ cos ϕ

(3)

{
vBx = −Rϕ̇−Rϕ̇ sin ϕ
vBy = Rϕ̇ cos ϕ

(4)

Çàìåòèì, ÷òî
VBy = VCy = Rϕ̇ cos ϕ;

VCx = 0.

Òîãäà êèíåòè÷åñêàÿ ýíåðãèÿ èìååò âèä:

T = R2ϕ̇2
[
m1

(
2 (1 + sin ϕ) +

1

2
(1 + sin ϕ)2

)
+ m2 cos ϕ

]
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2 Îáîáù¼ííàÿ ñèëà
Q = M

R

r
(1 + sin ϕ)− (m1 + m2)gR cos ϕ. (5)

3 Óðàâíåíèå Ëàãðàíæà 2-îãî ðîäà
d

dt

∂T

∂ϕ̇
− ∂T

∂ϕ
= Q. (6)

Äëÿ äàííîé çàäà÷è óðàâíåíèå Ëàãðàíæà èìååò âèä:

ϕ̈R2
(
2m1(1 + sin ϕ) + m2 cos2 ϕ +

1

2
m1(1 + sin ϕ)

)
+

+
1

2
R2ϕ̇2(m1 cos ϕ(3 + sin ϕ)− 2m2 cos ϕ sin ϕ) =

= M
R

r
(1 + sin ϕ)− (m1 + m2)gR cos ϕ
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