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8)9:); <= >�?@���7� ���A ��BC@DA EFC�CE��G� H�C��6? ��?I�J77� �B��E�@7��8)9:); K= L�E@CMC��C� �@7N��7� �C5F7� >�?@���7� O?��?�N? /P�C �C�?�QRSRTR UVWXYZX[Y \\]
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8)9:); <= �7B? F?F @�F�C�� �7E��6D E7B jEAC�cd7�Ecb I?�?BB�B^�D�b IBCEF?c E7E��6?k�lF@7@?B����D� E7E��6D E7B� >�?@�C@�_���?c E7E��6?� m?@�C��GE�@�fd?c�8)9:); K= n�7�J7I @Ca6CN�DA I���6�d��7G� oI����B��7� ��?FJ7G CIC� E IC6Cd^f
I�7�J7I? @Ca6CN�DA I���6�d��7G�
QRSRTR UVWXYZXWY \\]
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8)9:); <= �BCN��7� EFC�CE��G� �BCN��7� �EFC���7G� >EFC���7� eC�7CB7E?� n�?@7BCs�FC@EFC�C�
8)9:); K= nCB� E7B� nC���J7?B^�D� E7BD� >EBC@7� IC���J7?B^�CE�7 ICBc� nC���J7?B^P
�?c t����7c�
QRSRTR UVWXYZXuY \\]
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8)9:); <= �w��75�EFC� �@7N��7�� e7��6?�75�EF7� ��?@���7c lGB��? @ I�C�FJ77 �?
IC�@7N�D� CE7�
8)9:); K= `�A?�75�EF?c j6?���7?B^�?ck E7E��6?� �7BD @�������7� 7 @��_�7�� `?EE?E7E��6D� x���� 6?EE� `C6���D 7���J77�
QRSRTR UVWXYZXzY \\]
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8)9:); <= �FC�CE�^ 7 �EFC���7� �C5F7 @ �E��E�@���DA CEcA� >�CB E6�N�CE�7� e�7@7a�?
F�7@CG� m?�7�E F�7@7a�D�
8)9:); K= H�C��6? CM 7a6����77 FCB75�E�@? �@7N��7c E7E��6D�QRSRTR UVWXYZX{Y \\]
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8)9:); <= n�CE��G_7� �@7N��7c �@���C�C ��B?� nCE��I?��B^�C� �@7N��7�� h?FC� �@7PN��7c� �FC�CE�7 7 �EFC���7c �C5�F ��B?�
8)9:); K= q7�?67F? E7E��6D� >�?@���7� �@7N��7c�QRSRTR UVWXYZX}Y \\]
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b
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8)9:); <= `��C@���DG J���� EFC�CE��G� ��d�E�@C@?�7� 7 ��7�E�@���CE�^� �?E��D� EB�P5?7 ICBCN��7c `x��
8)9:); K= H�C��6? C �@7N��77 J����? 6?EE E7E��6D�QRSRTR UVWXYZX�Y \\]
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8)9:); <= m?E5�� w��6D� `��C� m7����?� �CICE�?@B��7� 6��C�C@� O�66D C ��B�@DA
E���N�cA�
8)9:); K= H�C�7c ��?�?� eCtww7J7��� @CEE�?�C@B��7c� �MECBf��C �I���7G 7 ?MECBf��C
���I���7G ��?�� eCECG ��?��
QRSRTR UVWXYZX�Y \\]
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_��C �?�7�E? CI7�?��Ec M�a I�CEF?B^aD@?�7c �C�7PaC��?B^�?c IB?E�7�?b EFCB^acd?c I�?@D6 FC�JC6 IC
��IC�@7N�CG CIC��� q���?c �C�7aC��?B^�?c IB?E�7�?
CI7�?��Ec M�a I�CEF?B^aD@?�7c �? CMC� MCB^_��C �?P�7�E? 7 �? @?B �?�7�EC6 r1

b F?�cd7GEc IC �7N��G IB?P
E�7��� e CE7 MBCF? I�7BCN��? �C�7aC��?B^�?c E7B? F bF @��A��G IB?E�7�� r @���7F?B^�?c E7B? P b F @?B� r6C6��� M � `?EE? �7N��G IB?E�7�D �?@�? m1

b MBCP
F? r m2

� `C6��� 7���J77 MBCF? J0

� �CE�?@7�^ ��?@P
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8)9:); <= H���7� EFCB^N��7c 7 ����7� F?5��7c�8)9:); K= q7�?67F? �C5F7� q@� a?�?57 �7�?67F7�QRSRTR UVWXYZZXY \\]
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M b F ���a� r E7B? F � `?EE? �7EF? r m2

� �CE�?@7�^
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8)9:); <= �BCN�C� �@7N��7� �C5F7� o��CE7��B^�C�b I����CE�C� 7 ?MECBf��C� �@7N��7��8)9:); K= n�7�J7I @Ca6CN�DA I���6�d��7G� oI����B��7� ��?FJ7G CIC� E IC6Cd^f
I�7�J7I? @Ca6CN�DA I���6�d��7G�
QRSRTR UVWXYZZZY \\]
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d�G� `?EE? J7B7���? �?@�? m1

b 6?EE? ICBa��? r m2

�
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8)9:); <= �w��75�EFC� �@7N��7�� e7��6?�75�EF7� ��?@���7c lGB��? @ I�C�FJ77 �?
IC�@7N�D� CE7�
8)9:); K= >�?@���7� `�d��EFC�C� �C�6�B? x7CBFC@EFC�CQRSRTR UVWXYZZ[Y \\]
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b
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8)9:); <= >�?@�C@�_7@?fd?c E7B?� ��������7� 7 @��_�7� E7BD� �FE7C6D� �@ca7�8)9:); K= ���FJ7c O?��?�N?� >�?@���7� O?��?�N? 1P�C �C�? �Bc IC���J7?B^�DA ICP
B�G�
QRSRTR UVWXYZZuY \\]
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8)9:); <= �w��75�EFC� �@7N��7�� e7��6?�75�EF7� ��?@���7c lGB��? @ I�C�FJ77 �?
IC�@7N�D� CE7�
8)9:); K= H�C��6? C �@7N��77 J����? 6?EE E7E��6D�QRSRTR UVWXYZZzY \\]
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k F?P
�7�Ec IC �C�7aC��?B^�CG IC@��A�CE�7� L? CMC� 6��^P
_��C �?�7�E? CI7�?��Ec M�a I�CEF?B^aD@?�7c �C�7PaC��?B^�?c IB?E�7�?b EFCB^acd?c I�?@D6 FC�JC6 IC
��IC�@7N�CG CIC��� q���?c �C�7aC��?B^�?c IB?E�7�?
CI7�?��Ec M�a I�CEF?B^aD@?�7c �? CMC� MCB^_��C �?P�7�E? 7 �? @?B �?�7�EC6 r1

b F?�cd7GEc IC �7N��G IB?P
E�7��� e CE7 MBCF? I�7BCN��? �C�7aC��?B^�?c E7B? F bF @��A��G IB?E�7�� r @���7F?B^�?c E7B? P b F @?B� r6C6��� M � `?EE? @��A��G IB?E�7�D �?@�? m1

b MBCP
F? r m2
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� �CE�?@7�^ ��?@P
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8)9:); <= �7B? F?F @�F�C�� �7E��6D E7B jEAC�cd7�Ecb I?�?BB�B^�D�b IBCEF?c E7E��6?k�lF@7@?B����D� E7E��6D E7B� >�?@�C@�_���?c E7E��6?� m?@�C��GE�@�fd?c�8)9:); K= L�E@CMC��C� �@7N��7� �C5F7� >�?@���7� O?��?�N? /P�C �C�?�QRSRTR UVWXYZZ{Y \\]
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b F?�7�Ec M�a I�CEF?B^aD@?�7c IC IC@��AP
�CE�7 @D��a?� x���� �7EF? _?��7��C a?F��IB�� �?E���N�� AB �B7�CG R−r � e �7EF� I�7BCN�� 6C6���
M b F ���a� r E7B? F � `?EE? �7EF? r m2

� �CE�?@7�^
��?@���7� �@7N��7c E7E��6D� h? CMCMd����f FCC�P
�7�?�� I�7�c�^ ��CB IC@C�C�? E���N�c ϕ �
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α

ϕ
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x7B7��� �?�7�EC6 R CI7�?��Ec M�a I�CEF?B^aD@?�7c�? IC�@7N��f I�7a6�� x7B7��� N�E�FC EC��7��� EC
E���N��6 �B7�CG Lb _?��7��C E@ca?��D6 E ICBa�P�C6� nCBa�� �@7N��Ec IC @���7F?B^�CG �?I�?@BcfP
d�G� `?EE? I�7a6D �?@�? m1

b 6?EE? ICBa��? r m2

�
e I�7a6� I�7BCN��? �C�7aC��?B^�?c E7B? F b F J7PB7���� r 6C6��� M � �CE�?@7�^ ��?@���7� �@7N��7cE7E��6D� h? CMCMd����f FCC��7�?�� I�7�c�^ ��CB ICP
@C�C�? E���N�c ϕ �
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L7�^b �?@7�?c �? @�������7G j�?�7�E rk 7 @��_P�7G j�?�7�E Rk CMC�D ��@�EC6C�C MBCF?b C�7M?�� J7PB7��� E IC�@7N�CG CE^f� `?EE? J7B7���?m1

b �?�7�E
(R + r)/2 b �7�7 @���7F?B^�D�� e E@CMC��C6� FC�J�
�7�7 IC�@�_�� ���a 6?EECG m2

� `C6��� M I�7BCN��
F MBCF�� �CE�?@7�^ ��?@���7� �@7N��7c E7E��6D� h?
CMCMd����f FCC��7�?�� I�7�c�^ @DEC�� CE7 J7B7�P
��? y �
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�7c @ �E��E�@���DA CEcA�
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~?��7��DG I?�?BB�BC��?66b ECE�Ccd7G 7a E���N��G
C�7�?FC@CG �B7�D ab I�7@C�7� @ �@7N��7� J7B7���6?EECG m1

b F?�cd7GEc M�a I�CEF?B^aD@?�7c IC �C�7P
aC��?B^�CG IBCEFCE�7� ����N��^ OA 76��� 6?EE� m2

b
CE�?B^�D� E���N�7 E57�?�^ ��@�EC6D67� �CE�?@7�^
��?@���7� �@7N��7c E7E��6D� h? CMCMd����f FCC�P
�7�?�� I�7�c�^ ϕ �
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8)9:); <= >EFC���7c �C5�F ��B? I�7 IBCEFC6 �@7N��778)9:); K= `�A?�75�EF?c j6?���7?B^�?ck E7E��6?� �7BD @�������7� 7 @��_�7�� `?EE?E7E��6D� x���� 6?EE� `C6���D 7���J77�
QRSRTR UVWXYZ[XY \\]

ϕ
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A
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2

�
~F

����N��^ CD 6?EECG m1

7 E���N��^ AB _?��7��CEC��7���D� AB = BC = BD = a� `?EE? ICBa��?bEFCB^acd��C IC @���7F?B^�CG IBCEFCE�7b �?@�? m2

� e
E���N�f AB I�7BCN�� 6C6��� M g E7B? F I��I���7P
F�Bc��?CD � �CE�?@7�^ ��?@���7� �@7N��7c E7E��6D�h? CMCMd����f FCC��7�?�� I�7�c�^ ϕ �
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IC�@7N�D� CE7�
8)9:); K= oMd�� ��?@���7� �7�?67F7� oMCMd���D� E7BD�QRSRTR UVWXYZ[ZY \\]
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pBCF 7a �@�A J7B7���C@ j�?�7�ED CMC�C@ r0 7 R0

k F?P
�7�Ec IC �C�7aC��?B^�CG IC@��A�CE�7� L? CMC� 6��^P
_��C �?�7�E? CI7�?��Ec M�a I�CEF?B^aD@?�7c �C�7PaC��?B^�?c IB?E�7�?b EFCB^acd?c I�?@D6 FC�JC6 IC
��IC�@7N�CG CIC��� q���?c �C�7aC��?B^�?c IB?E�7�?
CI7�?��Ec M�a I�CEF?B^aD@?�7c �? CMC� MCB^_��C �?P�7�E? 7 �? @?B �?�7�EC6 r1

b F?�cd7GEc IC �7N��G IB?P
E�7��� e CE7 MBCF? I�7BCN��? �C�7aC��?B^�?c E7B? F bF @��A��G IB?E�7�� r @���7F?B^�?c E7B? P b F @?B� r6C6��� M � `?EE? �7N��G IB?E�7�D �?@�? m1

b MBCP
F? r m2

� `C6��� 7���J77 MBCF? J0

� �CE�?@7�^ ��?@P
���7� �@7N��7c E7E��6D� h? CMCMd����f FCC��7�?��
I�7�c�^ I���6�d��7� @��A��G IB?E�7�D x�


